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Waveguide phenomena play a major role in basic sciences and engineering. The
Helmholtz equation is the governing equation for the electric field in electromagnetic
wave propagation and the acoustic pressure in the study of pressure dynamics. The
Schro¨dinger equation simplifies to the Helmholtz equation for a quantum-mechanical
particle confined by infinite barriers relevant in semiconductor physics. With this in
mind and the interest to tailor waveguides towards a desired spectrum and modal
pattern structure in classical structures and nanostructures, it becomes increasingly
important to understand the influence of curvature effects in waveguides. In this work,
we demonstrate analytically strong curvature effects for the eigenvalue spectrum of
the Helmholtz equation with Neumann boundary conditions in cases where the waveg-
uide cross section is a circular sector. It is found that the linear-in-curvature contri-
bution originates from parity symmetry breaking of eigenstates in circular-sector tori
and hence vanishes in a torus with a complete circular cross section. The same strong
curvature effect is not present in waveguides subject to Dirichlet boundary conditions
where curvature contributions contribute to second-order in the curvature only. We
demonstrate this finding by considering wave propagation in a circular-sector torus
corresponding to Neumann and Dirichlet boundary conditions, respectively. Results
for relative eigenfrequency shifts and modes are determined and compared with
three-dimensional finite element method results. Good agreement is found between
the present analytical method using a combination of differential geometry with
perturbation theory and finite element results for a large range of curvature ratios.
C© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4745856]
I. INTRODUCTION
Waveguide phenomena play a major role in basic sciences and applications. Classical waveguide
studies are limited to geometries where separable solutions can be sought in the spatial coordinates.1–5
It is known that the Helmholtz equation is separable in 11 coordinate systems.2, 4, 6 Among those,
however, a substantial part of applications refer to the rectangular, circular cylindrical, and spherical
coordinate systems.
In cases where propagation is limited to spaces where one or more dimensions are small it is
possible to employ differential geometry to obtain separable solutions even in the case of complicated
geometries. Four decades ago, Jensen and Koppe7 analyzed the influence of curvature on quantum-
mechanical properties of particles confined to a two-dimensional region in three-dimensional space.
This work was continued by da Costa in the early 1980s.8, 9 Goldstone and Jaffe10 studied the
existence of curvature-induced bound states in waveguides subject to Dirichlet boundary conditions
relevant for Schro¨dinger problems and in electromagnetics. Further important contributions to the
study of nanowire eigenvalue and eigenstate properties and bending effects can be found in Refs. 11
and 12.
a)Electronic mail: willatzen@mci.sdu.dk.
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FIG. 1. Sketch of a circular-sector torus and the choice of coordinates u1, u2, u3.
The possibility of growing nanostructures of almost any shape has initiated an increasing interest
in tailoring structures towards prescribed physical properties such as transition energies and optical
dipole moments.13–21 A similar interest exists in understanding the influence of curvature effects for
electromagnetic and acoustic waveguides as well as curved cavity structures. These design studies
can pave the way for discovering novel physical effects and identifying new and improved sensor
applications. Examples along these lines include determination of spatial resonances and localization
in metamaterials and their use in sensors.22–26
Recently, Willatzen et al. derived a formal procedure based on differential geometry and pertur-
bation theory for identifying analytically the influence of curvature for eigenstates and eigenvalues
to the Helmholtz equation subject to arbitrary boundary conditions including Dirichlet and Neumann
boundary conditions.27 Earlier, analytical curvature studies were restricted to the Dirichlet problem.
It is shown in Ref. 27 that curvature effects give quantitatively and qualitatively different results in
cases with Dirichlet and Neumann boundary conditions.
In the literature, only rather small second-order in curvature contributions to the eigenvalue
spectrum of the wave equations with Dirichlet or Neumann boundary conditions have been described
so far. In the present work, we identify for a circular-sector torus (see Figure 1), a linear-in-
curvature, and hence potentially strong, contribution to the eigenvalues for the Helmholtz equation
with Neumann boundary conditions. Based on this finding, we examine linear-in-curvature frequency
changes for sound wave propagation confined to a circular-sector torus.
As a corollary, we show using the present differential geometry analysis that linear-in-curvature
contributions to eigenfrequencies do not exist for the circular-sector problem in the case with
Dirichlet boundary conditions and that a linear-in-curvature contribution vanishes for the complete
torus with circular cross section in the case with Neumann boundary conditions. Results are compared
with three-dimensional finite element method analyses and good agreement is found. In particular,
we demonstrate a linear dependence of eigenfrequencies on curvature using the commercial finite
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element package COMSOL in agreement with our computationally effectively differential geometry
and perturbation theory method.
II. THEORY
Based on a formulation of the Laplacian in general curved coordinates, we recast the scalar
Helmholtz equation as a differential operator problem in curved coordinates where the main (unper-
turbed) contribution is independent of the local structure curvature in addition to two perturbative
contributions to first- and second-order, respectively, in the local radius-of-curvature.17 First, the
Laplacian is derived in the so-called minimal-rotation-frame (MRF). Next, we write down general
expressions for the first- and second-order perturbative contributions in the curvature. A comparison
of analytic differential geometry results vs. finite element method results is carried out.
A. Parametrization of a curved structure
Consider a wire structure where the axis is given as a curve x(s) parametrized by arc length
s = u1. The tangent vector t(s) = x′(s) = dx/ds is a unit vector field along the curve and we can
augment it with vector fields p(s) and q(s) such that t(s), p(s), q(s) constitute an orthonormal frame
at each point x(s) along the axis.
Let U ⊆ R3 be a tubular neighborhood around the x axis. Consider the corresponding tubular
neighborhood around the curve x(s) parametrized by
x˜(s, u2, u3) = x(s) + u2p(s) + u3q(s),
(s, u2, u3) ∈ U, (1)
where u2 and u3 are small numbers. We then have
x1 = ∂ x˜
∂s
= x′ + u2p′ + u3q′
= (1 − au2 − bu3)t − cu3p
+ cu2q, (2)
x2 = ∂ x˜
∂u2
= p, (3)
x3 = ∂ x˜
∂u3
= q, (4)
where
a(s) = dt
ds
· p, b(s) = dt
ds
· q, c(s) = dp
ds
· q. (5)
The metric tensor (Gi j = xi · x j ) is
[Gi j ] =
⎡
⎢⎢⎢⎢⎣
(1 − au2 − bu3)2 −cu3 cu2
+(cu2)2 + (cu3)2
−cu3 1 0
cu2 0 1
⎤
⎥⎥⎥⎥⎦ . (6)
In the following, the so-called MRF with c = 0 is employed17 where the Laplacian takes a
simple form. Further, we shall keep only terms of zeroth-order in u2 and u3, i.e., discarding terms
of order 1 and higher [note that, e.g., u3 ∂∂u2 is of order 0 since u3 and
∂
∂u2
are of order + 1 and
− 1, respectively]. The Laplacian in the latter approximation, accurate for structures where the local
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radius-of-curvature is much larger than the cross-sectional radius, reads
∇2 = Gi j ∂
2
∂ui∂u j
+
(
Gi j
∂G
∂u j
2G
+ ∂G
i j
∂u j
)
∂
∂ui
=
(
∂2
∂(u2)2
+ ∂
2
∂(u3)2
)
−
(
a
∂
∂u2
+ b ∂
∂u3
)
−
(
a2u2
∂
∂u2
+ b2u3 ∂
∂u3
+ abu2 ∂
∂u3
+ abu3 ∂
∂u2
)
+ ∂
2
∂s2
, (7)
where G = det(Gij), Gij = (Gij)− 1. This zeroth-order approximation for the Laplacian is in excellent
agreement with exact results as demonstrated for electron states in a nanowire with a radius-to-
curvature ratio up to 10%.16
III. APPLICATION TO A TORUS OR A CIRCULAR-SECTOR TORUS
The above formulation contains arbitrariness in the choice of p and q as a function of u1. For
a circular-sector torus, we choose the configuration shown in Figure 1 with p and q pointing along
the positive u2 and u3 directions, respectively. This choice leads to a = − 1Rc and b = 0 with Rc the
major torus radius measured from the center of the torus to the center of the torus cross section. Note
that the negative sign for a is due to u2 increasing away from the torus center, i.e., dtds × p < 0. An
arc-length parametrization for the torus or, equivalently, the circular-sector torus centerline is
r(u1) =
(
Rc cos
(
u1
Rc
)
, Rc sin
(
u1
Rc
)
, 0
)
, (8)
where 0 ≤ u1 ≤ 2πRc.
A. Wave propagation problems
Consider the wave equation problem
∇2ψ + ω
2
c2
ψ = 0, (9)
where ψ is the eigensolution, ω2π is the wave frequency, and c is the wave speed.
Boundary conditions are often of Neumann or Dirichlet type. For example, the boundary
condition for sound waves confined to a circular-sector torus waveguide with rigid walls is a
Neumann problem
∂ψ
∂n
= 0, (10)
where n denotes the boundary normal. In contrast, the boundary condition for electrons confined by
infinite barriers in, e.g., the effective-mass approximation used in solid state physics is a Dirichlet
problem
ψ = 0. (11)
In the effective-mass approximation, ω2
c2
in Eq. (9) is replaced by 2mef f E
2
where meff, E, and  are the
electron effective mass, the electron energy, and Planck’s constant divided by 2π , respectively.
Using Eq. (7), a = − 1Rc , b = 0, and the fact that the centerline parametrization is an arc-length
parametrization: u1 = s, Eq. (9) can be expressed as the operator eigenvalue problem
Lψ ≡ L0ψ + L1ψ = −ω
2
c2
ψ, (12)
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L0 = ∂
2
∂(u1)2
+ ∂
2
∂(u2)2
+ ∂
2
∂(u3)2
, (13)
L1 = 1Rc
∂
∂u2
− 1
R2c
u2
∂
∂u2
, (14)
where L0 and L1 are operator contributions to zeroth-order and up to second-order in the curvature
1
Rc
, respectively. This is a standard eigenvalue problem for determination of mode frequencies
fn = ωn2π and eigenfunctions ψn where n designates the mode number.
Note that neither the circular-sector torus nor the torus can be handled as a separable problem.
Our present differential-geometry formulation allows a quasi-analytical solution to the (circular-
sector) torus problem using perturbation theory exact to second-order in the curvature 1Rc .
IV. FIRST-ORDER CURVATURE CONTRIBUTIONS
In this section, we derive first-order curvature contributions to eigenfrequency shifts for a
circular-sector torus and the torus in the case of Neumann and Dirichlet boundary conditions.
A. Neumann boundary conditions – Circular-sector torus
Normalized eigenstates to the unperturbed problem satisfying Neumann boundary conditions
at all boundary sections are
|lmn〉 = Nlmngl(u1)Jm (kmnρ) cos(mφ + αm), (15)
m = pπ
φmax − φmin , (16)
αm = −mφmin, (17)
kmn J ′m (kmn R) = 0, (18)
1
N 2lmn
=
∫ Rcφmax
Rcφmin
g2l (u1)du1
∫ R
0
J 2m (kmnρ) ρdρ
∫ φmax
φmin
cos2(mφ + αm)dφ, (19)
where ρ and φ are polar coordinates in the structure cross section, p is an integer (including 0), and
R is the radius of the circular-sector torus cross section. Consider in the following gl to fulfill∫ Rcφmax
Rcφmin
g2l (u1)du1 = 1. (20)
Since
u2 = ρ cos φ, (21)
∂
∂u2
= cos φ ∂
∂ρ
− sin φ
ρ
∂
∂φ
, (22)
the first-order perturbative contribution in 1Rc is
〈lmn| 1
Rc
∂
∂u2
|lmn〉 = 1
Rc
N 2lmn
[∫ R
0
ρ Jm (kmnρ) ddρ Jm (kmnρ) dρ
∫ φmax
φmin
cos2(mφ + αm) cos φ dφ
+ m
∫ R
0
J 2m (kmnρ) dρ
∫ φmax
φmin
cos(mφ + αm) sin(mφ + αm) sin φ dφ
]
. (23)
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Further, ∫ R
0
ρ Jm (kmnρ) ddρ Jm (kmnρ) dρ =
1
2
∫ R
0
ρ
d
dρ
[
J 2m (kmnρ)
]
dρ = 1
2
R J 2m (kmn R)
− 1
2
∫ R
0
J 2m (kmnρ) dρ, (24)
∫ φmax
φmin
cos2(mφ + αm) cos φ dφ =
[
1
2
sin φ + 1
4(2m − 1) sin ((2m − 1)φ + 2αm)
+ 1
4(2m + 1) sin ((2m + 1)φ + 2αm)
]φmax
φmin
, (25)
∫ φmax
φmin
cos(mφ + αm) sin(mφ + αm) sin φ dφ =
[
1
4(2m − 1) sin ((2m − 1)φ + 2αm)
− 1
4(2m + 1) sin ((2m + 1)φ + 2αm)
]φmax
φmin
, (26)
1
N 2lmn
= R
2
2
(
1 − m
2
k2mn R2
)
J 2m (kmn R)
[
φ
2
+ 1
4m
sin (2mφ + 2αm)
]φmax
φmin
. (27)
For the circular-sector torus, the normalized eigenstates gl, periodic in 2πRc, are
gl(u1) = 1√
π (1 + δl0)Rc
sin
(
l
Rc
u1 + ν
)
, (28)
where l is an integer, and ν is an arbitrary phase. The unperturbed eigenfrequencies become
f Nlmn,0 =
ωlmn,0
2π
= c
2π
√
k2mn +
l2
R2c
. (29)
The change in eigenfrequencies stemming from first-order contributions in curvature is

( f Nlmn)2 = ω2lmn(2π )2 = − c
2
(2π )2 〈lmn|
1
Rc
∂
∂u2
|lmn〉, (30)
with superscript N denoting Neumann boundary conditions, and the relative change reads

( f Nlmn)2( f Nlmn,0)2 = −
c2
(2π)2 〈lmn| 1Rc ∂∂u2 |lmn〉( f Nlmn,0)2 = −
〈lmn| 1Rc ∂∂u2 |lmn〉
k2mn + l
2
R2c
, (31)
or
 f Nlmn
f Nlmn,0
= −1
2
〈lmn| 1Rc ∂∂u2 |lmn〉
k2mn + l
2
R2c
. (32)
Thus, the above calculation of the matrix element in Eq. (23) concludes the derivation of first-order
curvature changes to f Nlmn . Our differential geometry and perturbation theory analysis shows that
this matrix element is nonzero in the case of Neumann boundary conditions (refer to Sec. VI) and
hence eigenfrequency changes due to curvature scale to first-order in curvature which is a new result.
Earlier curvature analyses7–10, 16–19, 27 only demonstrated curvature effects to energies (frequencies)
being of second-order in the curvature. The present finding of first-order curvature contributions is
expected to dominate above second-order curvature contributions in a large range of curvatures as
our FEM results confirm (refer to Sec. VI).
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B. Neumann boundary conditions – Torus
For a torus, where the cross section is a complete circle, the unperturbed eigenstates with
Neumann boundary conditions are
|lmn〉 = Nlmngl(u1)Jm (kmnρ) sin(mφ),
|lmn〉 = Nlmngl(u1)Jm (kmnρ) cos(mφ), (33)
where m is an integer (including m = 0 for the cos (mφ) solution). For the torus, since all eigenstates
are parity eigenstates (with eigenvalue ± 1) and ∂
∂u2
→ − ∂
∂u2
subject to the transformation φ → φ
+ π , we immediately conclude that
 f Nlmn
f Nlmn,0
= 0. (34)
Hence, for the complete Neumann torus problem there is no first-order curvature contribution to the
frequency!
C. Dirichlet boundary conditions – Circular-sector torus
Next, we consider Dirichlet boundary conditions at all boundary sections. In this case, normal-
ized eigenstates to the unperturbed problem are
|lmn〉 = Nlmngl(u1)Jm (kmnρ) sin(mφ + αm), (35)
m = pπ
φmax − φmin , (36)
αm = −mφmin, (37)
Jm (kmn R) = 0, (38)
1
N 2lmn
=
∫ Rcφmax
Rcφmin
g2l (u1)du1
∫ R
0
J 2m (kmnρ) ρdρ
∫ φmax
φmin
sin2(mφ + αm)dφ, (39)
where p is a positive integer and the first-order perturbative contribution in 1Rc is
〈lmn| 1
Rc
∂
∂u2
|lmn〉 = 1
Rc
N 2lmn
[∫ R
0
ρ Jm (kmnρ) ddρ Jm (kmnρ) dρ
∫ φmax
φmin
sin2(mφ + αm) cos φ dφ
−m
∫ R
0
J 2m (kmnρ) dρ
∫ φmax
φmin
cos(mφ + αm) sin(mφ + αm) sin φ dφ
]
. (40)
The relevant integrals are∫ R
0
ρ Jm (kmnρ) ddρ Jm (kmnρ) dρ = −
1
2
∫ R
0
J 2m (kmnρ) dρ, (41)
∫ φmax
φmin
sin2(mφ + αm) cos φ dφ =
[
1
2
sin φ − 1
4(2m − 1) sin ((2m − 1)φ + 2αm)
− 1
4(2m + 1) sin ((2m + 1)φ + 2αm)
]φmax
φmin
, (42)
∫ φmax
φmin
cos(mφ + αm) sin(mφ + αm) sin φ dφ =
[
1
4(2m − 1) sin ((2m − 1)φ + 2αm)
− 1
4(2m + 1) sin ((2m + 1)φ + 2αm)
]φmax
φmin
. (43)
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Following steps similar to those in Subsection IV A (with superscript D denoting Dirichlet boundary
conditions)
f Dlmn,0 =
ωlmn,0
2π
= c
2π
√
k2mn +
l2
R2c
, (44)
and the relative change in eigenfrequencies due to curvature reads

( f Dlmn)2( f Dlmn,0)2 = −
c2
(2π)2 〈lmn| 1Rc ∂∂u2 |lmn〉( f Dlmn,0)2 = −
〈lmn| 1Rc ∂∂u2 |lmn〉
k2mn + l
2
R2c
. (45)
An exact evaluation using Eqs. (40)–(43) yields
 f Dlmn
f Dlmn,0
= 0. (46)
Hence, for the Dirichlet circular-sector torus problem there is no first-order contribution in curvature
to the frequency.
D. Dirichlet boundary conditions – Torus
For a torus, the unperturbed eigenstates with Dirichlet boundary conditions are
|lmn〉 = Nlmngl(u1)Jm (kmnρ) sin(mφ),
|lmn〉 = Nlmngl(u1)Jm (kmnρ) cos(mφ), (47)
where m is an integer (including m = 0 for the cos (mφ) solution). As in the case with Neumann
boundary conditions, since all eigenstates for the torus are parity eigenstates (with eigenvalue ± 1)
and ∂
∂u2
→ − ∂
∂u2
subject to the transformation φ → φ + π we conclude that
 f Dlmn
f Dlmn,0
= 0. (48)
Hence, for the Dirichlet torus problem there is no first-order curvature contribution to the frequency.
V. SECOND-ORDER CURVATURE CONTRIBUTIONS
In addition to the first-order contributions in curvature derived above, there are frequency
contributions to second-order in curvature. These arise in first-order perturbation theory due to the
term − 1R2c u2
∂
∂u2
and second-order perturbation theory from the term 1Rc
∂
∂u2
, refer to Eq. (14). The
combined second-order curvature contribution is
 ( flmn)2= − c
2
(2π )2 〈lmn| −
1
R2c
u2
∂
∂u2
|lmn〉− c
2
(2π )2
∑
|l ′m ′n′〉
〈lmn| 1Rc ∂∂u2 |l ′m ′n′〉〈l ′m ′n′| 1Rc ∂∂u2 |lmn〉(
−k2mn − l
2
R2c
)
−
(
−k2m ′n′ − l
′2
R2c
) .
(49)
The second-order curvature contribution is generally non-vanishing for both Dirichlet and Neumann
boundary conditions as well as for the circular-sector torus and the torus. Evidently for small
curvatures, as is usually the case, the second-order curvature contribution to the frequency change
is less important as compared to the first-order curvature contribution assuming the latter is allowed
by symmetry. We emphasize that a simple analytical expression for the second-order curvature
contribution does not exist.
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FIG. 2. First-order contribution to  f
N
lmn
f Nlmn,0
as a function of the ratio R/Rc corresponding to the mode p = 1, l = 0, n = 1
for different angles φmax. Solid line data are computed using the DGPT method, while discrete symbol points (asterisks,
diamond, etc.) are found using the FEM. In the calculations, it is assumed that φmin = −φmax.
VI. RESULTS AND DISCUSSIONS
In this section, we assume Neumann boundary conditions in accordance with the result that
the first-order curvature contribution is identically zero in the case of Dirichlet boundary conditions
(refer to Sec. II).
First, note that a simple expression for the integral
∫ R
0
J 2m (kmnρ) dρ
does not exist and a simple expression for the frequency shift is not possible [refer to Eqs. (24) and
(41)]. Instead, in Figures 2 and 3, we plot the relative frequency change, evaluated numerically based
on Eq. (23), for the first mode with p = 1, l = 0, n = 1. Figure 2 shows f/f as a function of the
ratio R/Rc corresponding to different angles φmax and assuming φmin = −φmax. Solid lines are data
computed using the present theory based on differential geometry and first-order theory (DGPT),
while discrete symbol points are found using the finite element method. As shown in Sec. II, there is
a non-vanishing first-order contribution in the curvature. This contribution dominates for R/Rc ratios
below approximately 0.3. For R/Rc values above 0.3 a nonlinear dependence becomes apparent
reflecting the importance of second-order (and higher order) terms in R/Rc. Another interesting
conclusion is that for smaller φmax values frequency shifts due to curvature effects are negative and
rather small, while for φmax values approaching 170◦ the frequency shift can become several percents
even at R/Rc values down to 0.1. Furthermore, good agreement is demonstrated between DGPT and
FEM for all angles φmax as long as R/Rc is less than about 0.3 in accordance with the assumption
made in first-order perturbation theory. Needless to say but the computational costs in carrying out
the finite element calculations are orders of magnitude larger than for the DGPT method.
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FIG. 3. First-order contribution to  f
N
lmn
f Nlmn,0
as a function of φmax corresponding to the mode p = 1, l = 0, n = 1 for different
ratios R/Rc. Solid line data are computed using the DGPT method, while discrete symbol points (asterisks, diamond, etc.)
are found using the FEM. In the calculations, it is assumed that φmin = −φmax.
In the COMSOL computations, we used the Graphical User Interface (GUI)-based Partial Dif-
ferential Equation (PDE) interface to setup the Helmholtz eigenvalue problem [Eq. (9)] and the
geometry builder to create the circular-sector torus (Figure 1). The Neumann boundary condition
[Eq. (10)] was applied on all faces of the torus in order to mimic hard wall boundaries. One should
note that we only consider curvature effects on eigenfunctions with l = 0, i.e., eigenfunctions that
are constant with respect to u1. For this reason larger FEM R/Rc value data were obtained by con-
sidering numerically a smaller u1 range than 0 ≤ u1 ≤ 2πRc, and by invoking Neumann boundary
conditions (i.e., periodic boundary condition) at the u1 boundaries, hereby allowing for a constant
solution along the u1 coordinate. The advantage of only considering a fraction of the circular-sector
torus is a considerable reduction in the number of mesh elements. For all FEM calculations, we
used a tetrahedral mesh, and for each geometry a series of calculations with increasing mesh density
were performed to ensure convergence of the found eigenfrequencies. It was found that tori with
sharp-pointed cross sections, like for φmax = 170◦, are especially computationally demanding due
to the need of a high-density mesh around (u2, u3) = (0, 0) [Figure 1(b)].
In Figure 3, relative frequency changes are plotted vs. φmax for the fundamental mode with
p = 1, l = 0, n = 1 in cases with different curvature ratios R/Rc. Clearly for small curvature
ratios, the agreement between the present DGPT method and the FEM method is good as long as
moderate curvature ratios are considered, i.e., for R/Rc below 0.25. The deviation between DGPT
and FEM results for larger curvature ratios (0.5 or higher) at all angles φmax reflects the importance
of second-order perturbative terms in the derivation of frequency shifts.
It is clear from Figures 2 and 3 that the largest curvature contributions for the fundamental
mode exist for φmax close to 180◦ independent of the ratio R/Rc. This observation is, however, not
easily realized with the DGPT approach due to the lack of simple explicit formulas. Therefore, it
might help the understanding to study the eigenfunctions of the unperturbed cylinder cavity |lmn〉
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FIG. 4. Cross section of the fundamental mode (p = 1, l = 0, n = 1) in the unperturbed cylinder cavity for six different
values of φmax. In the calculations, it is assumed that φmin = −φmax. The mode profiles and the color scale are symmetric.
(Figure 4) since the eigenfrequency change depends on the element 〈lmn| 1Rc ∂∂u2 |lmn〉. It is thus
clear that the largest change in frequency occurs for the cross section with the (on average) most
asymmetric mode profile and largest variation along the u2 direction. From Figure 4, and in agreement
with previous reasoning, it is evident that the first-order curvature contribution for φmax = 180◦
(circular cross section) must be zero since the mode is symmetric along u2. Similarly, it is seen that
φmax-values close to 180◦ (see, e.g., φmax = 170◦) create mode profiles that are asymmetric and with
large variation along u2, thereby showing the highest sensitivity to the curvature. It also follows from
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FIG. 5. First-order contribution to  f
N
lmn
f Nlmn,0
as a function of the ratio R/Rc corresponding to the mode p = 1, l = 0, n = 2
for different angles φmax. Solid line data are computed using the DGPT method, while discrete symbol points (asterisks,
diamond, etc.) are found using the FEM. In the calculations, it is assumed that φmin = −φmax.
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FIG. 6. First-order contribution to  f
N
lmn
f Nlmn,0
as a function of φmax corresponding to the mode p = 1, l = 0, n = 2 for different
ratios R/Rc. Solid line data are computed using the DGPT method, while discrete symbol points (asterisks, diamond, etc.)
are found using the FEM. In the calculations, it is assumed that φmin = −φmax.
the mode profiles that for φmax = 60◦ and φmax = 40◦ the curvature effect is small since the modes
show reduced asymmetry and small variation along u2.
In Figure 5, we consider the first excited mode along the radial direction, i.e., the mode with
indices p = 1, l = 0, n = 2. Results for f/f plotted vs. R/Rc for different φmax values again verify good
agreement between DGPT and FEM model results for all angles φmax if R/Rc is below approximately
0.3. In Figure 6, we observe that relative frequency shifts for the mode p = 1, l = 0, n = 2 have a
maximum as a function of φmax near 1.9 radians equivalent to 109◦. This is a different conclusion as
compared to the case of the fundamental mode p = 1, l = 0, n = 1 where relative frequency changes
continue to increase as the curvature ratio R/Rc increases.
As an aid in understanding Figures 5 and 6, we show in Figure 7 the mode profiles for the
unperturbed eigenfunction for six different values of φmax. It is evident that φmax < 180◦ will break
the symmetry of the mode along u2, thereby creating first-order curvature contributions. At the same
time, however, it is clear that the node introduced in the radial direction will typically create both
positive and negative mode profile slopes along u2 and reduce the curvature effect upon integration.
This explains why the curvature effect is approximately one order of magnitude smaller compared
to the fundamental mode (p = 1, l = 0, n = 1). It is not possible with pure visualization to explain
why the maximum curvature effect occurs at exactly φmax = 109◦ (hence, the reason why the mode
profile is not shown in Figure 7). However, by visual inspection of the mode profiles it can be seen
that for both large and small φmax (e.g., φmax = 170◦ and φmax = 40◦) the maxima and minima in the
mode profiles bend towards the u2 axis thus reducing the integral 〈lmn| 1Rc ∂∂u2 |lmn〉. Consequently, it
is expected that the largest first-order curvature effect must occur between the two extrema of φmax.
We next consider circular-sector tori defined by the angular interval φmin = −π − φmax with
φmax in the range [−π /2; π /2]. In Figure 8, discrete data points for the mode p = 1, l = 0, n = 1
relative frequency shifts are calculated as a function of R/Rc for different φmax values using the finite
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FIG. 7. Cross section of the first excited mode along the radial direction (p = 1, l = 0, n = 2) in the unperturbed cylinder
cavity for six different values of φmax. In the calculations, it is assumed that φmin = −φmax. The mode profiles and the color
scale are symmetric.
element method. Close inspection of the data indicates that a first-order curvature contribution to
the relative frequency shifts vanishes. This result is in agreement with the DGPT theory as we shall
show. For a circular-sector torus defined by φmin = −π − φmax with φmax in the range [−π /2;
π /2], the first-order matrix element can be written as
〈lmn| 1
Rc
∂
∂u2
|lmn〉 = 1
Rc
∫ R
0
du3
∫ h(u3)
−h(u3)
ψ0lmn
∂ψ0lmn
∂u2
du2, (50)
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FIG. 8. First-order contribution to  f
N
lmn
f Nlmn,0
as a function of the ratio R/Rc corresponding to the mode p = 1, l = 0,
n = 1 for different angles φmax. Discrete symbol points are found using the FEM. In the calculations, it is assumed
that the circular-sector torus spans the angular interval: φmin = −π − φmax.
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FIG. 9. First-order contribution to  f
N
lmn
f Nlmn,0
as a function of φmax corresponding to the mode p = 1, l = 0, n = 1 for different
ratios R/Rc. Discrete symbol points are found using the FEM. In the calculations, it is assumed that the circular-sector torus
spans the angular interval: φmin = −π − φmax.
where h(u3) denotes a function of u3 alone. Since ψ0lmn is a parity eigenstate with eigenvalue (−1)p
and ∂
∂u2
→ − ∂
∂u2
subject to the transformation: u2 → − u2, the latter integral vanishes and the
first-order curvature contribution is zero identically. In this argument, we explicitly used that the
transformation: u2 → − u2 is a symmetry for circular-sector tori with φmin = −π − φmax but not
so for the circular-sector tori discussed earlier defined by φmin = −φmax. However, second-order
curvature (and higher order curvature terms) generally contribute in agreement with the FEM results.
In Figure 9, we plot discrete data points calculated for the relative frequency shifts as a function
of φmax for different R/Rc ratios using the finite element method. Note that the tendency observed
in Figure 6 is recaptured but now for the fundamental mode p = 1, l = 0, n = 1, i.e., the relative
frequency shifts have a maximum as a function of φmax near 1.9 radians equivalent to 109◦.
VII. CONCLUSION
First-order eigenvalue contributions in the curvature for the wave equation problem with Neu-
mann boundary conditions are presented and derived analytically. In the literature hitherto, only
second-order in curvature contributions have been identified for Dirichlet and Neumann contribu-
tions. This new result has significant implications for, e.g., sound propagation in curved structures
and, in particular, the eigenfrequency spectrum. Our analytical results based on differential geome-
try and perturbation theory are verified by three-dimensional finite element method results applied
to a circular-sector torus. It is shown that the corresponding wave equation problem with Dirich-
let boundary conditions leads to second-order curvature eigenfrequency contributions only, i.e., a
reduced curvature sensitivity for moderately curved waveguides.
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